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Rigorous Proofs and the Ban on the metábasis eis állo génos 
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Introduction 

  Contributions to a Better-Grounded Presentation of Mathematics (1810)  

  first part: On the Concept of Mathematics and its Classification  

  second part: On the mathematical Method 

 Considerations on some objects of Elementary Geometry (1804)  

1.   A Discourse on the Method  

[1] I … maintain that the so called methodus mathematica is, in its essence, not in the least different from any scientific 

exposition.  (38; En. tr. 103).  

[2]  … This much seems to me certain: in the realm of truth, i.e. in the collection of all true judgements, a certain objective 

connection prevails which is independent of our accidental and subjective recognition of it. As a consequence of this some of 

these judgements are the grounds of others and the latter are the consequences of the former. Presenting this objective 

connection of judgements … seems to me to be the real purpose to pursue in a scientific exposition (39-40; En. tr. 103). 

2.   Rigorous Proofs 

[3]  … what sorts of dissimilar objects are not dealt with in individual theorems in Euclid? Firstly there are triangles, that are 

already accompanied by circles which intersect in certain points, then angles, adjacent and vertically opposite angles, then the 

equality of triangles and only much later their similarity, which is however, derived by an appalling detour, starting from the 

consideration of parallel lines, and even of the area of triangles etc.! But if we consider, tauth’ hópos gégraptai toîs kairoîs kaì 

taîs akribeías [how well this discourse has been composed with respect to appropriateness and finish of style];
1
 and if we 

reflect how every successive proposition, with that proof with which Euclid understands it, necessarily requires that which 

precedes it, then we must surely come to the conclusion that the reason for that disorder [Unordnung] must be more 

fundamental: the entire method of proof [Beweisart] which Euclid uses must be incorrect (ix-x; En. tr. 88).  

[4] Perhaps we may express the essential properties of such a normal proof by saying: it is not roundabout. No concepts enter 

into the proof other than those contained in its final result, and their use was therefore essential to the achievement of that 

result (Gentzen Investigations into logical Deduction 1934-1935, 177; cp.196.) 

[5]  What might have seemed more superfluous than when Thales (or whoever discovered the first geometric proofs) took 

much trouble to prove that the angles at the base of an isosceles triangle are equal, for this is obvious to common sense 

(Betrachtungen III-IV; En. tr. 31). 

[6]  Thales did not doubt, that the angles at the base of an isosceles triangle are equal; he only wanted to know why the mind 

makes this necessary judgement? (Betrachtungen iv; En. tr. 31). 

[7]  Firstly, I propose for myself the rule that the obviousness of a proposition does not free me from the obligation to 

continue searching for a proof of it, at least until I clearly realize that absolutely no proof could ever be required, and why.  

Secondly, I must point out that I believed I could never be satisfied with a completely strict proof if it were not derived from the 

same concepts which the thesis to be proved contains, but rather made use of some fortuitous, alien, intermediate concepts 

[fremdartige Mittelbegriffe], which is always an erroneous metábasis eis állo génos [crossing to another kind] (Betrachtungen 

iv-v; En. tr. 32) 

[8]  Requirement of non-increasing complexity: the conclusion of a rigorous proof must be (a) less general and (b) 

more complex than the premises: a rigorous proof proceeds from the most general to more specific (102-103) 

and from the simpler to the more complex. 

3. Kinds of Simple Inferences 

[9]  How many simple and essentially different kinds of inferences are there?  

 (I)  (II)  (III)  (IV) 
 Barbara  et-introduction in the predicate  et-introduction in the subject cum-introduction in the subject 

S is M  A is (or contains) B  A is (or contains) M  A is (or contains) M 

M is P  A is (or contains) C  B is (or contains) M  (A cum B) is possible 

S is P  A is (or contains) (B et C)  (A et B) is (or contains) M  (A cum B) is (or contains) M 

                                                 
1
  Bolzano quotes from a Discourse of Isocrates to Philip of Macedonia (Discourse V, 155) – und not, as noted in the Eng-

lish translation of the Contributions  ( 88) from one of his letters to the King. 
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[10]  The connecting concept in these judgements is the concept of the belonging of a certain property, or … of the 

inclusion of a certain thing, as individual or kind, under a certain genus (74; En. tr. 113).  

 ‘A  B’ 

[11] Definition  the statement of the most immediate components (two or more) out of which a given concept is 

composed (42-43; En. tr. 104).  

[12] ‘a drake is a male duck’  

[13] Simple concepts cannot be decomposed into two or more components different from each other and from the 

original concept itself (43; En. tr. 104). 

 General form of a definition:  (1)  a, which is , is A; or: (a cum ) = A. 

 In (1) neither a, nor  on their own, may be = A (43; En. tr. 104), and the concepts a and  must be different.  

 ‘cum’ ‘’.  

 (I)  (II)  (III)  (IV) 

 Barbara  et-introduction in the predicate  et-introduction in the subject -introduction in the subject 

A  M  A  B  A  M  A  M 

M  B  A  C  B  M  (A  B) is possible 

A  B  A  (B et C)  (A et B)  M  (A  B)  M 

 Rule (I) 

 Rules (II) & (III) 

 ‘et’  ???   

(Req-1) in both rules, both premises should be necessary to obtain the conclusion; that is, the latter 

should not follow from one or the other of the premises taken separately;  

(Req-2)  in both rules, ‘et’ should designate one and the same operation on classes. 

(i)   ‘et’ = ‘’ ????  

(ii) ‘et’ = ‘’ ????  

 Ad (i): ‘et’ = ‘’ (like ‘cum’)  

 

 

 

 Ad (ii): ‘et’ = ‘’  

 

 

[14] the conjunction by ‘cum’ can be considered in certain cases as a connection per et. In these cases ‘et’ means as much 

as: there is a certain object…., that is at the same time … both A et B… For instance: wooden house is an object that is at the 

same time a house and wooden (Allgemeine Mathesis, 35.)   

(a)  Men and women are living beings 

(b)  Squares are equilateral and equiangular  

(a*)  All men are living beings, and all women are living beings  

(b*)  All squares are equilateral, and all squares are equiangular  

[15] is it not the case that from the two premises ‘S is a kind of P’ [and] ‘S is a kind of Q’ one can infer ‘S is a kind of (P cum 

Q)’ … and not merely ‘S is a kind of (P et Q)‘, as I did in my essay [i.e. in BM 66] [?] His answer is positive: die Designation 

‘P et Q’ in the essay [was] not correct ... I cannot find any example by which it is not possible to infer [from those premises] ‘S 

is (P cum Q)’. Thus one can, for instance, safely infer: [this] solution is transparent, [this] solution is liquid; therefore [this] 

solution is (something transparent, which is liquid) or (something liquid, which is transparent) (Tagebuch
 
 222-223). 

 (I)  (II*)  (III)  (IV) 

 Barbara  cum- () introd. in the predicate  et- () introd. in the subject cum- () introd. in the subject 

A  M  A  B  A  M  A  M 

M  B  A  C  B  M  (A  B) is possible 

A  B  A  (B  C)  (A  B)  M  (A  B)  M 

(II)  (III) 

A  B  A  M 

A  C  B  M 

A  (B  C)  (A  B)  M 

(II)  (III) 

A  B  A  M 

A  C  B  M 

A  (B  C)  (A  B)  M 
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 Rule (IV) 

[16]  Bolzano observes that an inference according to rule (IV) has a great deal of similarity to 

the syllogism but is nevertheless to be distinguished from it (67; En. tr. 111).  

But if this is assumed, one can dispense with the first [premise, i.e. ‘(A  B)  A’] being merely 

analytic, or take it in such a sense that, in fact, both mean the same thing and only differ verbally (67).   

4. Constitutive Principles for Rigorous Proofs and the Ban on the Metábasis 

4.1. The requirement of generality-decrease 

Thesis (1). If two propositions appearing in a proof have the same predicate, then the proposition with the narrower subject 

must follow that with the wider subject, and not conversely (102; En. tr. 121).  

[17] [N]ot only must the [grounding] propositions … be the simplest, they must also be the most general 

propositions from which [the proposition that is to be proven] is deducible (WL II, 387). 

4.2. The requirement of increasing complexity 

Thesis (2a). It two propositions appearing in a proof have the same subject, then the proposition with the more 

composite predicate must follow that with the simpler predicate, and not conversely (104-105; Engl. Transl. 122).  

[18] In general, it seems to me that the truths A,B,C, … which form the ground of truth M, … must always be the 

simplest collection of truths from which M is deducible … and that none of the premises is individually more 

complex than the conclusion (WL II, 387). 

4.3. The requirement of relevance 

By setting up a rigorous proof the requirement of relevance must be observed. This is Bolzano’s 

Thesis (3). If the subject… of a proposition is as wide as it can be so that the predicate can be applied to it, then in any 

correct proof of this proposition all characteristics of the subject must be used, i.e. they must be applied in the derivation of the 

predicate, and if this does not happen the proof is incorrect (106-107; Engl. Transl. 123).  

Relevance. If A  B and  (A   &   B), then all distinguishing marks of the concept A must be relevant for 

the proof of the proposition that A  B.  

 (Q)  Equilateral triangle having each side of length = 1  Equiangular figure 

 (P)  Equilateral triangle  Equiangular Figure  

4.4. The problem of intermediate concepts (Mittelbegriffe) 

(i) if the proposition that is to be proven is affirmative, then the intermediate concepts must be not narrower 

than the subject, and not wider than the predicate,  

(ii) if the proposition that is to be proven is negative, then the intermediate concepts must be 

wider than the subject, or wider than the predicate (110). 

Medius-Principle.  m ( (m is an intermediate concept in a proof of a  

    proposition of the form ‘A  B’)  (A  m  m  B) ) 

[19]  [I]f in a proof there appear intermediate concepts which are, for example, narrower than the subject, then the proof is 

obviously defective; it is what is otherwise usually called a metábasis eis állo génos. Sometimes, of course, it is clear right at 

the first glance that a certain concept, being completely alien, does not belong the proof of a proposition… – In other cases it 

can only be decided whether of not some superfluous concept is involved, through a detailed analysis of the whole proof into 

its simple components (117-118; En. tr. 126). 

   Modus Barbara  A  M  B  

[20]  [B]y whichever of the four simple forms of inference mentioned above it can be proved, it is apparent that the 

intermediate concepts used are always (my emphasis) wider than A and narrower than B (112-113; En. tr. 124).  

 Rule (II*): cum (i.e. )-introduction in the predicate.  

Inferences according to this rule can violate the Medius-Principle. For instance, it is true that all 

men are bipeds (A  B) and that all men are featherless (A C), but neither the instance of ‘B  

(B  C)’ is true, for there are feathered bipeds, nor the instance of ‘C  (B  C)’ is true, for there 

are featherless creatures that are not bipeds.  

Should one interpret ‘et’ in this rule as standing for the union [as in rule (III)], then no inference according to rule 

(II) would violate the Medius-Principle. 

(A  B)  A 

A  M 

(A  B)  M 

A  B 

A  C 

A  (B  C) 

A  B  
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But, as we saw before, in inferences according to rule (II) one of the premises is 

superfluous.  

 Rule (III): et (i.e. )- introduction in the subject. 

Inferences according to this rule can violate the Medius-principle too. For instance, it is true that all 

men are mortal (A  M) und it is true that all living beings are mortal (B  M), but it is not true, 

that the set-union of the men and the living beings (A  B) is included in the class of all men (A).  

One would avoid the infringement upon the Medius-Principle by interpreting 

‘et’ as standing for the intersection. 

But, as we saw above, in inferences according to rule (III) one of the premises is redundant. 

 Rule (IV): cum (i.e. )-introduction in the subject. 
Inferences according to this rule violate the Medius-Principle too. It is for instance true, that all 

fishes are vertebrates [A  M]. And it is also true, that fishes can be winged [(A  B) is 

possible] – after all there are winged fishes. But it is not true, that all winged creatures are 

vertebrate [B  M].  

 

Summary  

Thanks to the substitution of rule (II*) for rule (II) we have removed the contrast between the non-redundancy 

requirement (Req.-1) and the requirement that in both rules (II) and (III) ‘et’ should designate one and the same 

operation on classes (Req.-2): it is no more necessary to ascribe to the term-connective ‘et’ two different meanings. 

However, the problem remains that a rigorous proof cannot simultaneously satisfy (Req.-1) and the Medius-

principle. In fact, acceptance of (Req.-1) entails a violation of the Medius-principle: rules (II*), (III) and (IV) do not 

satisfy the condition that the intermediate concepts M be such that A  M  B always holds. 

 (As we saw, it is possible to avoid a contrast with Medius-principle if one – instead of following Bolzano’s 

substitution in his Tagebuch of rule (II*) for rule (II) – interprets ‘et’ as standing for the set-theoretic union, when it 

occurs in the predicate, and as standing for the intersection, when it occurs in the subject. But this substitution not 

only contrasts Bolzano’s well grounded explanations (in his later Tagebuch) concerning the difference between 

‘cum’ and ‘et’ – it also makes one of the premises redundant, that is, it violates (Req.-1).)  

 Thus, as regards the question of the ban on crossing to another kind (metábasis eis állo génos) the Medius-

principle seems to be a quite natural requirement. However, when tested against the logical system Bolzano 

employs at this stage, it turns out not to be satisfiable. Perhaps it is possible to weaken the Medius-principle, in 

order to make it compatible with the ‘logical calculus’ of the Contributions, that is, with the amended rule-quartet. 

However, the Contributions do not contain any indication in this sense.  

 

 

A  C 
(II) 

A  (B  C) 

A  M 

B  M 

(A  B)  M 
A  M  

B  M 
(III) 

(A  B)  M 

A  M 

(A  B) is possible  

(A  B)  M 


